Abstract. We address the problem of wave propagation in a pre-stressed elastic layer with mixed boundary conditions, the layer having one fixed the one free face. Numerical analysis provides a good initial insight into the influence of these boundary conditions on dispersion characteristics. In the long wave regime, there is clearly no evidence of low frequency motion and thus an absence of any long wave fundamental mode-like features. In the short wave regime however, the dispersion relations does show evidence of low frequency dispersion phenomena. The first harmonic's short wave phase speed limit is shown to be distinct from that of all other harmonics; this coincides with the associated Rayleigh surface wave speed. The short wave analysis is completed with the derivation of approximate solutions for the higher harmonics. Asymptotic long wave approximations of the dispersion relation are then obtained for motion within the vicinity of the thickness stretch and thickness shear resonance frequencies. These approximations are required to obtain the relative asymptotic orders of the displacement components for frequencies within the vicinity of either the shear or stretch resonance frequencies. This enables an analogue of the asymptotic stress-strainstain to be established through asymptotic integration.
Introduction
Considerable research effort in recent years has been devoted to elucidating the dynamic response and dispersion characteristics of layered elastic media. The need for such understanding arises through the increasingly exacting demands placed upon structural layered components. One particularly important area of application is the aerospace industry. In addition to this, we remark that multi-layered structures also occur naturally, in some widely differing scenarios. As a specific example, we remark that a layer of coal which is often modelled as a soft elastic layer sandwiched between two much stiffer layers, see [1] . Also, from a mechanical viewpoint, a human artery can be modelled as a three-layered cylindrical structure, see [2] .
In this present paper, we aim to contribute to current understanding of layered media, by investigating the dynamic properties of a pre-stressed compressible elastic layered with one fixed and one free face. To facilitate this, the propagation of harmonic waves within this type of structure is investigated. To begin with, a numerical investigation of the of the dispersion relation is carried out. A thorough understanding of the dispersion relation is critical to determining the dynamic response in layered media. Traditionally, fundamental modes have always received considerable attention. For the present problem however, no fundamental-type modes exist over the whole wave number regime. As additional motivation for focussing on the harmonics, we mention the possibly in multi-layered media of a surface wave arising from the cumulative affects of the harmonics, rather than result from a single fundamental mode, see [3] . Such an important feature can easily be overlooked within very delicate numerical techniques. Additionally, in [4] it has alsobeen shown that for certain types of vibrations the contributions of higher modes may become significant, with motion within the vicinity of the so-called thickness resonance frequencies having particular applications to fluid-structure interaction. Moreover, some boundary value problems, such as an elastic layer with fixed faces, do not feature fundamental modes at all, see [5] and [6] . For the problem we consider, an additional complication also arises as a consequence of the non-symmetric nature of the problem, resulting in no possible uncoupling into symmetric (extensional) and anti-symmetric (flexural) components.
The problem of dispersion in a pre-stressed elastic plate has seen a number of publications over the last 20 years. After the numerical investigations in the plane strain problem were carried out in [7] and [8] , an asymptotic long and short wave analysis was carried out for a variety of layered pre-stressed structures, see [9] and [10] . Three dimensional motion in the form of a plane wave travelling parallel to the plane of the layer was also examined in [11] . Long wave approximations of the dispersion relation have also been used to help derive specific models for long wave motion in pre-stressed elastic plates, see [12] and [13] .
This paper is organised as follows. In Section 2 a brief review of the two-dimensional plane strain governing equations is presented, together with the derivation of the dispersion relation. Numerical solutions of the dispersion relation are presented in Section 3 for a Blatz-Ko type of material. Long and short wave asymptotic approximations of the dispersion relation, giving phase speed (or frequency) as an explicit function of wave number for each mode, are obtained in Sections 4 and 5, respectively. The long wave approximations are valid for motion within the vicinity of either the thickness stretch or thickness shear resonance frequencies. In Section 6, these approximations are used to establish the appropriate asymptotic orders of the displacement components in each case. The introduction of non-dimensional spatial and time variable enables asymptotic models to be established through the use of asymptotic integration. Within these one-dimensional models, the long wave displacement field is established in terms of a single function, termed the long wave amplitude. A dispersive governing equation for the long wave amplitude is obtained, for which the dispersion relation is shown to coincide with the long wave approximation obtained from the associated higher dimensional problem.
Basic equations
In this section we give a brief review of the theory of small time-dependent deformations superimposed upon large static homogeneous deformations. A more detailed account may be found in [14] . We shall consider a body B, formed of a homogeneous, non-heat-conducting isotropic elastic material. We suppose that it possesses a natural unstressed state B u . A purely homogeneous static deformation is then imposed upon B u , resulting in a finitely stressed equilibrium configuration denoted by B e . The position vectors of a representative particle are denoted by X and x(X) in B u and B e , respectively. The deformation from B u to B e is described by the mapping H, so that
where H is assumed to be one-to-one and at least twice continuously differentiable. We further consider an incremental time-dependent motion u superimposed upon B e , resulting in the current configuration B t . The position vector of a representative particle in B t is denoted byx(X, t) and may be expressed asx
The specific problem to which the above theoretical framework is to be applied is that of harmonic wave propagation in an isotropic, compressible elastic plate of finite thickness 2h and infinite lateral extent. This plate is subjected to a pre-stress in the form of a pure homogeneous strain, defined by the principal stretches λ 1 , λ 2 and λ 3 . A Cartesian coordinate system is chosen with axes coincident with the principal axes of deformation in B e , oriented such that Ox 2 is normal to the plane of the plate, origin O is in the mid-plane and the upper and lower surfaces located at x 2 = h and x 2 = −h, respectively. To simplify our analysis, a plane strain assumption is made in which u 3 ≡ 0 and u 1 and u 2 are independent of x 3 . The two non-trivial equations of motion are given by α 11 u 1,11 + γ 2 u 1,22 + βu 2,12 = ρ eü1 , γ 1 u 2,11 + α 22 u 2,22 + βu 1,12 = ρ eü2 ,
in which notation from [7] has been exploited, namely
where σ i , i ∈ {1, 2} are the principal Cauchy stresses in B e , ρ e is the material density in B e and A ijkl components of the fourth order elasticity tensor. Linearised incremental tractions, associated with a surface having outward unit normal along Ox 2 in B e , have components
For a plate with traction-free upper boundary and fixed (zero displacement) lower boundary, appropriate boundary conditions are given by
We now seek travelling wave solutions of the equations of motion (3) in the form
where k is the wave number, v is the phase speed and q is to be determined. After substituting solutions of the form Eq. (7) into the equations of motion (3), a system of linear homogeneous equations is obtained. A non-trivial solution will exist provided the determinant of the system's coefficients is equal to zero, yielding a necessary and sufficient condition, usually referred to as the secular equation, and given by
Solutions for u 1 and u 2 may be represented as a linear combination of the four generally independent solutions associated with the roots of Eq. (8) . Substituting these into the boundary conditions results in a homogeneous system of four linear equations in four unknowns. Due to the fact that, unlike the classical free-face problem, the current problem is not symmetric about the mid-plane, the present system can not be decomposed into symmetric (extensional) and antisymmetric (flexural or bending) components. This system possesses non-trivial solutions provided the determinant of its coefficients is equal to zero, yielding the dispersion relation
where η = kh is the scaled wave number and J 1 (v), J 2 (v) and J 3 (v) are given by
To facilitate later establishing of their relative magnitudes within the various long wave regimes, we now express u 1 and u 2 in terms of one unknown constant, yielding
where
within which
Numerical analysis
For the purpose of numerical investigation of the dispersion relation (9), a Blatz-Ko strain energy function is employed in the form
where µ is the shear modulus. Figures 1(a) and (b) present dispersion curves for a layer with one free and one fixed face. In these figures the scaled phase speedv is presented against scaled wave number η in respect of the Blatz-Ko strain-energy function Eq.(22). From these plots we first note that there is no fundamental mode-type behaviour within either the long wave regime, nor the long wave limit η → 0. However, in the short wave region, and limit η → ∞, we observe low-frequency (fundamental mode-type) features; note that the short wave limit of the branch with lowest phase speed differs from other harmonics. It will be shown later that this phase speed limit in fact corresponds to the associated Rayleigh surface wave speed. Our numerical investigation also indicates the possibility of wave fronts formed in a variety of ways. We first note the monotonic convergence of the harmonics, to a specific phase speed, as η → ∞. For the parameters used in Figure 1 (a), this corresponds to a shear wave with speedv S = √ γ 1 ≈ 0.62. Following a labelling system introduced in [10] , we refer to a wave front formed this way as a type 1 wave front. We also notice from Figure 1 (a) a flattening of the harmonics in a narrow wave speed region, forming a longitudinal wave front, travelling with the speedv L = √ α 11 ≈ 1.16. This wave front is referred to as type 2. Figure 1 (b) shows longitudinal and shear wave fronts, both formed as type 2 wave fronts, travelling with speedsv L ≈ 0.94 andv S ≈ 0.82, respectively. The short wave limit of all harmonics, apart from the first, defined byv =v O ≈ 0.76, demonstrate oscillatory behaviour in the region below v =v S . We remark that for a pre-stressed compressible elastic material, a shear wave can travel faster, with the same speed or even slower than a longitudinal wave, a fact seemingly first noted in [10] . For investigation of the short wave limiting behaviour we shall use the classification, adopted in [10] , namely:
We also present Figure 2 , showing scaled frequencyω against scaled wave number η. From this figure we clearly observe that the first harmonic looks separated from all the others and has its own limit for large η. As we would expect from previous comments, in Figure 2 all cut-off frequencies are non-zero.
Long wave approximations
We now investigate motion in the vicinity of the so-called thickness shear and thickness stretch resonance frequencies. The thickness shear resonance frequencies are eigenvalues of the following problem
subject to
see [15] . This problem is obtainable by setting u 2 = 0 and u 1,1 = 0, in the equations of motion (3), and using the boundary conditions (6) and equations (5), resulting in defining the thickness shear resonance frequencies byω
For thickness stretch resonance, we set u 1 = 0 and u 2,1 = 0 in Eqs. (3) and (6), to obtain
which must be solved subject to
arriving at the appropriate set of cut-off frequencies, given bȳ
which define the thickness stretch resonance frequencies. The two families of frequencies presented in Eqs. (25) and (28) are also obtainable by taking the limit η → 0 of the dispersion relation (9) . Moreover, equations (13) and (14) may be employed to establish that for thickness shear u 1 ∼ η −1 u 2 , with thickness stretch characterised by u 1 ∼ ηu 2 .
In the long wave region,v is very large, and in view of the frequency range we consider, we assume thatv 2 /γ 2 ∼ η −2 . In consequence, within this region both q 1 and q 2 are imaginary and may be represented in the form q 1 = iq 1 , q 2 = iq 2 , withq 1 andq 2 real and positive. The dispersion relation (9) is then expressible as
From the definitions of functions in whichω =vη and
We assume for the present analysis that γ 2 = α 22 . In passing, we remark that if γ 2 = α 22 there is a coincidence of both the speeds of the longitudinal and shear waves propagating along Ox 2 ; and the thickness stretch and thickness shear resonance frequencies. For a discussion of the associated dispersion phenomena the reader is referred to [10] . Dividing both sides of the dispersion relation (29) by cos(2q 1 η) cos(2q 2 η), we obtain two asymptotic balances, namely tan(
. In the first case, again using Eq.(30), we obtain at leading order Eq.(28), which corresponds to the motion in the vicinity of the thickness stretch resonance frequencies. Similarly, for tan(2q 2 η) ∼ O(η −2 ), using expansion (30), we derive Eq.(25) and thus this case may be interpreted as motion in the vicinity of the thickness shear resonance frequencies. We shall now consider each of these in turn.
4.1. Asymptotic approximation in the vicinity of the thickness stretch resonance frequencies Let us first introduce the notation
Since tan(2q 1 η) ≫ 1, we may assume that
At leading order, we obtainω
however refiningq 1 in the formq
results in
The asymptotic approximation for the frequency is then readily obtainable in the form
with Q 1 defined in Eq.(31).
Asymptotic approximation in the vicinity of the thickness shear resonance frequencies
In the long wave limit we have tan(2q 2 η) ≫ 1, therefore we may assume that
where ψ is to be determined. We then first establish that
Substituting all of these approximations into the dispersion relation (29), we deduce that
Finally, making use of the asymptotic expansion forq 2 , given in Eq.(30), we arrive at the following expansion for the scaled frequencyω
with the definition of Q 2 given in Eq.(31). Figure 3 demonstrates the accuracy of the obtained asymptotic expansions (37) and (42) for motion in the vicinity of the thickness stretch and shear resonance frequencies, respectively.
Short wave approximations
Our numerical investigation clearly revealed the existence of low frequency-type motion in the short wave regime in respect of the mode with lowest phase speed. Taking both q 1 and q 2 as either real or complex conjugates, and expanding the trigonometric functions in dispersion relation (9) for large η, we arrive at the short wave limit equation
This equation is in fact that associated with the Rayleigh surface wave speed, see [16] . For the material parameters employed within Figures 1(a) and (b) the surface wave speeds are given byv R ≈ 0.59 and v R ≈ 0.7, respectively. We now proceed with the derivation of asymptotic short wave expansions for the other harmonics. Consider first the case when the longitudinal wave speed exceeds that of the shear wave, i.e.v L >v S , and α 22 (α 11 − γ 1 ) − β 2 > 0. In this case, it is readily established that q 1 is real and q 2 imaginary in the short wave regime; we thus set q 2 = iq 2 , withq 2 real, positive and tending to zero as η → ∞. The dispersion relation (9) may now be re-cast in the form From the secular equation (8) we obtain an expansion for the scaled wave speed, namelȳ
From Eq.(45) we deduce that as η → ∞, sin(2q 2 η) ∼q 2 . Hence, we are able to conclude that
Therefore, at leading order it is possible to confirm that
and
Form of dispersion relation presented in Eq.(45), we obtain an expression for φ, given by
Finally, we establish the asymptotic expansion for the scaled wave speed in the form
We shall now examine the short wave limit of all harmonics, excluding the first, when the shear wave speedv S exceeds the longitudinal wave speedv L and the condition γ 2 (γ 1 − α 11 ) − β 2 > 0 holds. First, we infer from the secular equation (8) that in the vicinity of the longitudinal (short wave) wave frontv
As η → ∞, the form of dispersion relation presented in Eq.(45) again indicates that sin(2q 2 η) ∼q 2 . Hence, we may utilise expansions (47) and (48). An expansion for q 1 at leading order is also obtainable in the form
Finally, we arrive at the asymptotic approximation
andJ 1 ,J 3 are defined in the form
We present in Figure 4 the scaled phase speed against scaled wave number for the Blatz-Ko strainenergy function Eq.(22). This figure demonstrates good agreement between the numerical solution of the dispersion relation (9) and the short wave approximation (53) in the case for which the short wave limit of the higher harmonics is the associated shear wave speed.
Let us study now the situation when either α 22 (α 11 −γ 1 )−β 2 < 0, for α 11 > γ 1 ; or γ 2 (γ 1 −α 11 )− β 2 < 0, for α 11 < γ 1 . These situations correspond to Subcase 1(b) and Subcase 2(b), respectively. For this case, the short wave limit isv =v O . This involves oscillations of the phase speed as η → ∞, these occurring in the regionsv O <v <v S orv O <v <v L , for Subcase 1(b) and Subcase 2(b), respectively. In these regions both q 1 and q 2 are imaginary, i.e. q 1 = iq 1 and q 2 = iq 2 , whereq 1 ,q 2 ≥ 0 are real and q 1 →q 2 as η → ∞. Accordingly, the appropriate short wave behaviour is investigated by settinĝ
in which a > 0, b > 0. It is possible to obtain from Eq.(8) a quadratic for a
which for small b implies that
where The fact that a > 0 has been used and it is again assumed that γ 2 = α 22 . Note, that in both Subcases 1(b) and 2(b), T 0 is strictly positive. Then from Eq.(8) we deduce that
Expansions forq 1 andq 2 may now be expressed aŝ
Using expansions Eq.(66) and standard trigonometric formulae, the leading order form of the dispersion relation may be cast into the form
An expression for b may be obtained as where
Finally, we obtain an asymptotic expansion for the phase speed in the form 
Long wave high frequency models
Our aim in this section is the derivation of one-dimensional asymptotic models for long wave high frequency motion. We require these models to be consistent with our previous asymptotic analysis of the dispersion relations. Investigation of the relative magnitudes of displacements motivates appropriate re-scalings. After re-casting the equations of motion and boundary conditions in terms of new variables, we derive an appropriate system of governing equations at various orders. One-dimensional asymptotic long wave models for motion in the vicinity of the thickness stretch and shear resonance frequencies, will be derived; we begin with stretch resonance.
Stretch resonance frequencies
The relative orders of displacements may be established from Eq. (13) and Eq. (14), taking into account expansions Eq.(35)-Eq.(37), revealing that u 1 ∼ ηu 2 , motivating the re-scaling
We also introduce appropriate non-dimensional spatial coordinates and time in the form
Within the vicinity of the thickness stretch resonance frequencies, we assume that
Within our analysis we will seek approximations for the displacements in the form of the power series
2 + .... Substituting the new variables into the equations of motion (3) and the boundary conditions (6) , and making use of the above relations, we arrive at the system of equations at various orders
Within Eq.(74)-Eq.(78) anything having a negative superscript is assumed to be zero.
6.1.1. Leading order problem. The leading order problem, with m = 0, is formulated through
The solution of the leading order problem is readily obtained and written in the form
where , we need only consider the second order equation of motion
subject to the boundary conditions
The solution for u
2 may be obtained in the form u
The definition of Q 1 may be found in Eq.(31). We are also able to derive a governing equation for v (0,0) 2 in the form
An alternatively form of this equation, in terms of the original variables x 1 and t and a new function
, is also readily obtainable, yielding
We remark that D st is the second order term in the expansion of the dispersion relation in the vicinity of thickness stretch resonance frequencies, see expansion Eq.(37). Moreover, if the general wave form solution Eq. (7) is inserted into Eq.(92) a dispersion relation is obtained that concurs with Eq.(37). It is then the case that the exact dispersion relation associated with the one dimensional approximate Eq. (92) is fully consistent with the approximation of the 2-dimensional problem Eq.(37).
Shear resonance frequencies
We proceed now with the derivation of an asymptotic model valid within the vicinity of thickness shear resonance frequencies. In order to derive the relative magnitudes of displacements, we expand all trigonometric functions in Eq. (13) and Eq. (14) for small η, and also make use of the expansions Eq.(39)-Eq.(42). The relative orders of displacements are given by u 2 ∼ ηu 1 . Thus we introduce
with the appropriate non-dimensional spatial and time variables given by
We assume that in the vicinity of the shear resonance frequencies
A system of governing equations for different orders may be obtained, given by
6.2.1. Leading order problem. The leading order equations of motion and boundary conditions may be written as
The solution of this problem is provided by
where 
The leading order displacement components have all been determined in terms of a single function, the long wave amplitude v 
1,ζ + (γ 2 − σ 2 )u
2,ξ = 0 at ζ = 1,
u
1 = 0 at ζ = −1.
The solution is given by u
1 =u ∂t 2 = 0.
We note that the second order correction term D sh , see Eq.(43), occurs within the governing equation (115), again demonstrating asymptotic consistency.
Concluding Remarks
The problem of harmonic wave propagation in a compressible, pre-stressed elastic layer with one fixed and and free face has been investigated. Long and short wave approximations of the dispersion relation have been established. The long wave approximations have been used to establish the relative orders of displacement components within the vicinity of the thickness stretch and thickness shear resonance frequencies. In both cases, long wave leading order approximations of the displacement field have obtained in terms of the appropriate long wave amplitude. The leading order solution is formally completed through the derivation of a one-dimensional equation for the long wave amplitude; which is obtained from the second order problem. In each case, the dispersion relation associated with this one dimensional equation is consistent with the approximation previously obtained from the dispersion relation associated with the overarching two-dimensional problem. The lower dimensional theory is then demonstrated to be asymptotically consistent with the full higher dimensional theory.
